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Tém tit

Trong bai bdo nay, ching téi trinh bay mot s6 két qua ciia ham 16i xap xi dinh nghia
trén khong gian Banach X .Cdc két qua nay da dwoc dia ra béi cdc tac gia Hupnh Vin Ngdi,
Nguyén Hitu Tron va Michel Théra. Tuy nhién, hau hét chimg minh van tdit hodc khéng chirng
minh. O ddy, ching t6i trinh bay véi chimg minh chdt ché va chi tiét.
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Abstract

In this article, we present some results of approximate convex functions defined on
Banach X space. These results were given by Huynh Van Ngai, Nguyen Huu Tron and Michel
Théra. However, most of them were not proved in full detail. In here, we present them in more
detail with proof-
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1. Pit van dé

L&p cac ham 16i dong mot vai trd quan trong trong Toan hoc va cac nganh khoa hoc
mg dung. Subt thap ky qua, nhidu két qua dugc md rong dua vio tinh 16i. Tuy nhién, tinh
16i thuong 1 nhitng gia thiét qua manh trong viéc ing dung, chiang han nhu trong Toan kinh
té. Nhiéu van dé trong thyc tién, ta phai lam viéc véi nhimng ddi tugng néi chung khong 16i
theo nghia chinh théng. Vi viy, viéc khao sat nhitng d6i tuong (tdp hop, ham) khong 10i
nhung véan giit dwgc mot s tinh chat dep cua tinh 16i 13 ¢6 ¥ nghia quan trong. Nhitng d6i
tugng nhu thé duoc goi 12 161 tong quat.

Gan day, nguoi ta quan tdm nhiéu dén cac 16p ham 16i tong quat nhu 16p cac ham
dudi— C', duéi— C*; ham nira tron; ham 16i xdp xi. Trong bai bdo nay chi khao sat, nghién
clru mot s6 tinh chét dat trung cta ham 16i xdp xi.

2. Cac khai niém va dinh ly

Mot s6 khai niém lién quan dén trong phan nay ma khong nhic dén trong bai béo,
c6 thé tim théy trong (Aubin & Frankowska, 1990; Yén, 2007; Tuy, 1997).

2.1. Mt s6 khai niém vé ham 16i va ham & — 10i.
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Phan nay trinh bay mot s6 khdi niém s& dugc ding & phan sau.
Pinh nghia 2.1.1 (Aubin & Frankowska, 1990). Him f duoc goi la ham 16i néu thdéa man
bat dang thirc sau
f(Ax+(1=2)y)<Af (x)+(1=2) £ (»), véimei x, ye X, 2€[0,1].
Pinh nghia 2.1.2 (Aubin & Frankowska, 1990). Gia st X la khong gian Banach. Ham
f: X > R duogc goi 1a Lipschitz dia phuong tai X € X, ncu ton tai lan cédn U cia x € X,
s6 K >0 sao cho
‘f(x)—f(x')‘ SK”x—x' , véimoi x, x' eU.
Pinh nghia 2.1.3 (Aubin & Frankowska, 1990). Ham f dugc goi 1a nita lién tuc dudi tai

x € X, néuvdimoi € >0, ton tai lan can U cua X sao cho

f()?)—géf(y), voimoi yeU.
Pinh nghia 2.1.4 (Hoang Tuy, 1997). Him f duoc goi 1a ham &—1I6i néu thoa man bat

dédng thirc sau
f(Ax+(1=2)y)<Af (x)+(1=2) f (»)+eA(1-2)|x—y
Vidy. Ham f:R— R xacdinh bsi /(x)=—|x| 1a ham 2—/oi.
Pinh nghia 2.1.5 (Hoang Tuy, 1997). Cho f la ham &—[6i, y € X cb dinh. Ham & — lién
hop f; (&, .): X" >RU{+w0} cia f tai y dugc dinh nghia boi
73 (2 €): =sup{{&x) = f (x) - elv -}

2.2. M{t so0 khai niém veé ham 1oi xap xi

, X, veX, /16(0,1).

Phan nay, t6i trinh bay mot sb khai niém co ban cta ham 16i xdp xi trén khong gian
Banach.
Cho f: X — RU{+w0} 1a ham ntra lién tuc du¢i. Véi mdi & >0, ta dinh nghia ham f;
nhu sau
f(x), xe B(xo, 5)
fé(x)z{oo, erB(xO, 5).
Dinh nghia 2.2.1. Him f goi la 16i xap xi tai x, € X néu v6i mdi & >0, ton tai 5>0

sao cho f5 laham &— 161, ttrc 13 véi mdi € >0, ton tai & > 0 sao cho

f(/1x+(l—ﬂ,)y) < if(x)+(1—i)f(y)+gﬂ,(1—ﬂ,)||x—y , X, Y eB(xO,ﬁ), A E(O,l).
Ham f 16i x4p xi trén mot tap khac rong C = X néu f 1a ham 15i xap xi tai moi x € C.
Khi C=X tanéi f 1a ham 16i x4p xi.

Nhén xét 2.2.2. Tir dinh nghia ta thiy, mot ham 16i 1a 16i xdp xi diéu nguoc lai ndi chung
khong diing. Chang han, liy ham f:R — R xéc dinh bsi f(x)=—-x. Khi dé, f la ham

16i xap xi nhung khong 1a ham 16i. That vay, V& >0, chon 5:% Khi d6, véi moi



Journal of Science — Phu Yen University, No.34 (2024), 95-102 97

le(O,l), , <0, tacod
f(Axt(1=2)y)=-[2x+(1-2)y] = ~(1-A) y*=24(1- ),
21 () +(1=2) f () =23 =(1=2)" ¥,
Do do

S (A (1=2)9)=Af (1)=(1=2) £ () -4 (1= A) x>} =
=—2x% + Ax? —(1—2,)2 y? +(1—/1)y2 —2/1(1—1)xy—82,(1—2,)|x—y|
=2(1-2)x" +A(1-2)y* =24 (1-2)xy—eA(1-2)|x— )|

:i(l—l)[(x—y)z —8|x—y|}_

Diéu nay ching to f 1a ham 10i xp xi. Nhung f khong 1a ham 16i, vi v6i moi

< 0.

ZE(O,I), voi moi x # y, taco ﬂu(l—/l)(x—y)2 >0 nén

f(Ax+(1=2)y)> Af (x)+(1-2) f (), YA €(0,1), véimoi x = .
2.3. Mot s6 tinh chit dit trung ciia ham 16i x4p xi
Phan nay, t6i trinh bay mot s tinh chat co ban nhét c6 thé goi 1a dep ciia ham 16i
xdp xi trén khong gian Banach.
Pinh nghia 2.3.1 (Aubin & Frankowska, 1990; Yén, 2007). Dudi vi phan cua ham f tai

X, ky hiéu of ()_c ), dugc dinh nghia nhu sau
o (x)= {x* eX : f(x)-f(x)> <x*,x—)_c>,Vx € X}.
Pinh nghia 2.3.2 (Yén, 2007). Du¢i vi phan Clarke cua ham f tai x €domf, ky hi¢u
o¢ f (x), duogc dinh nghia nhu sau
8Cf(x) = {x* e X" :<x*,v> SfT (x,v),VveX}.
Pinh nghia 2.3.3 (Yén, 2007). Dudi vi phan Fréchet cua ham f tai x € domf, ky hiéu
oF f (x), duoc dinh nghia nhu sau

-0 h

8Ff(x)={x* e X" : lim inff()hLh)_f(x)_<x*,h> ZO}.

Pinh nghia 2.3.4 (Yén, 2007). &£—dudi vi phan cua ham f tai xedomf, ky hi€u
85 f (x), dugc dinh nghia nhu sau

oL f(x)= {x* € X": lim inf

|0

F(x+h)= 1 (x)=(x"h) >g}
- > ¢\,

Pinh nghia 2.3.5 (Yén, 2007). Duéi vi phan Mordu Khovich cia ham f tai x € domf’, ky
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hicu &M f (x), dugc dinh nghia nhu sau
oM f(x)=seg— lim supdl f(»).
y—x,640
trong do, "seq —limsup" ky hi¢u gidi han trén Pailevé-Kuratowski cia mét tap, tic la
seq—iiir)lcsupﬁff(y) = {x* e X :3x, > x,x, >x,x, € aff(xn)}.
Pinh 1y 2.3.6 (Ngai, Tron, & Thera, 2000). Gid si: [ : X — RU{+o0} la ham nira lién tuc
duéi, chinh thuong. Néu f la ham 16i xdp xi tai X, elnt(domf) thi f Lipschitz dia
phuwong tai x,.
Chirng minh. Vi f'la ham 16i xép xi tai x, nén ton tai €>0 va >0 sao cho
B(xy,8) = domf va
f(Ax+(1=-2)y)<Af (x)+(1=2) f(»)+eA(1-A)|x—y
Truéc hét ta chimg t6 f bi chin dia phuong tai Xy - Lay
U, = {xeB(x0,5)/f(x)Sn,n :1,2...}. Khi d6, B(x),6)=U,U, va U, déng Vn.

,Vx,y e B(xo,é'),/l € (O,l) (1)

That vay, hién nhién U, U, < B(x,,5), vi B(x,,8)=domf nén ta c6 bao ham thirc
ngugc lai. C6 dinh n, lay déy{um} cU,,u, »>uy,. Ta chung t6 u,ecU,. Vi
u,, € B(x,,8) nén ||um —x0||<5,Vm. Do dé ||u0 —x0||<5, voi m du lon. Vi f la ham
nira lién tuc dudi nén véi moi € >0, tdn tai U — lan can cia u, sao cho

f(uo) Sf(y)+3,‘v’y eU.
Do u,, —>u, nén véi m du lén ta co

f(uo)sf(um)+$ﬁn+8.
Cho & >0 taduoc f(uy)<n, v6i m du l6n. Piéu nay chimg t6 u, €U,. Vay U, dong
Vn.

Theo Dinh 1y Baire, 3n, : IntU, #Q. Gia st z, € IntU, , do d6 30 <&, sao cho
o

— X —Lz0 € B(x),6) va chon

B(xo,é'l)CUn. Chon a>1 sao cho y,:=
0 a—1 a—1

y= i <o. Khi @0, Vx eB(xO,j/),z =Y +a(x—y0) e]ntUnO. That  vay,
a
||z—zo||:Hy0—ZO+a(x—y0)H:Ha(yo—x0)+a(x—y0)u:a||x—x0||<a;/:é‘l, te la

ZEB(ZO,51)CUnO. Vi z,y, € B(x),5) nén theo (1) ta ¢6

f(x)zf(a_lz+(1—a_l)y0)
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Sa_lf(z)+(l—a_l)f(yo)+80{_1(l—a_l)ny—z”
Sa‘lno+(1—a‘1)f(y0)+ga_l(1—a‘1)25.
Nhu vay, f bi chan trén B(x,,7), do d6 tn tai M >0 sao cho |f(x)<M,

VxeB(xo,}/). Véi moi xeB(xO,}/), 2xy—x eB(xO,y) nén ta co
1 1
f(xo):f[5x+5(zxo-x)j
f(x)+5f(2x0 —x)+§||x—x0||
f(x)+lM+—7/. (2)

Suy ra f(x)22f(x0)—M—287,‘v’xeB(xo,j/). Véi x,yeB[xo,gj thi

z::x+(£(x—y)eB(xo,y)jeB(xO,;/), 1 =|x—y|. Khi do,

2n /4 2n /4 2eny
fx:f( z+ yjﬁ—fz+ fly)+——|z—y|.

Vi ‘f(x)‘SM,‘v’xeB(xo,)/) nén f(x)—f(y)ﬁ 7”2:7277(f(z)—f(y))Jrg}/”x—y”

<2(1(2)- 1) rotbests P Jlesl

Doi vai tro x va y ta dugc
4M
10)-10) 5[ Wy st
Do do
4AM
75)-1 ()< 2oy ol
Vay f la ham Lipschizt dia phuong tai x;. ]
Pinh 1y 2.3.7 (Ngai, Tron, & Thera, 2000; Yén, 2007). Néu f : X —RU{+o0} la ham nita
lién tuc duwdi, 16i xdp xi tai X, € domf thi moi v e X, dao ham theo phwong cia f

f'(xo,V)ZIimf(xo+tv)_f(x0)

t—0 t

ton tai va tuyén tinh duoi trén X.
Chirng minh. Vi £16i xap xi tai x,,v6i moi &> 0 ton tai >0 va mot ham 16i nira lién

tuc duoi g () sao cho
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‘f(x)—gx0 (x)‘Se”x—xo
&S ()= elr—xf <g, () </ (x)+ el
Chuy, g, (x)=/f(x),cd dinh ve X valdy >0 dinho dé ¢|p]|< S. Khi do,

f(xo""tv)_f(xo) gy, (x0+tv)_gx0 (XO) <f(x0+tv)_f(x0)

,VxeB(x0,5)

)=700) g Bt )8 ) S 40) 1 ()
Vi g, (x) 1 ham 10i nén ta ¢6 g/, (x,,v) =lim = (x, Hvt) ~2, (%)
0 0 t—
Cho ¢ — 0 ta duoc limsup /(% +tvt)—f(x0) <g, (x.v)+elv|
va
iming £ 0TI 00 < )y
Tur do, ta co
limsup /(% +Wt)_f(x°) < liminf /(% +Wt) ~ /(%) +é&|y|,ve>o0.
Vay
linolsup f(xo +Wt) —f(xo) = ltin.}inf f(xo * Wt) —f(xo ) , nghia la
> BN
7 () =t )2 )
—>
ton tai.

Pinh ly 2.3.8 (Ngai, Tron, & Thera, 2000). Cho X la m¢t khong gian Banach,
f:X—->RU {+oo} la ham nika lién tuc dwdi, 16i xdp xi tai X, € domf'. Khi do, ta cé

(1) 0 (x0) =0 1 (x0) = 0" 1 (%) =0 (xo)-
(ii) of (xo) < 0" f (xo). Néu f la ham Lipschitz tai x, thi of (x5)=0"f(x,)-
Chirng minh. Chung minh (i ) Theo dinh nghia, ta c6
O £ (3) S (%) 0" f (x0) £ 1 (%), O f (30) < (x,):
Ta can chimg t6 rang 0 f(x)) = 0" f(x,), 8" f (%) =0 (x5, of (x0) =" £ (x,).

Vi f 1a ham 16i xap xi tai x,nén véi & >0 tiy ¥, ton tai 6 >0 sao cho
f(Ax+(1=-2)y) < Af (x)+(1=2) f (»)+eA(1=A)|x =], x, y € B(x,.6), 2€(0,1).
Lay x" €0 f(x)) =0 f5(x) = x" €0°f5(x, ), taco

(xR < f (g + k)= 1 () + &

, Vhe B(0,5).
Suy ra
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x"€0” f(xy)hay 8 f (x,) = 0" f(x,)-
Tachimg to 0" f(x) < 0” f(x,)-
Lay x" €Y £ (x,), 35, } 0, {x,} > xp, {x)}—>x" véi x] €L f(x,). Chon cac
day sb khong am  y, 4 0. Theo dinh ngha, véi mdi n ta tim mot sé 77, >0 sao cho
(3.1 < (e, + )= £ (%,)+ (5, +7,) |
Gia st x, € B(x,,6),Vn>n,. Véibatky y e B(x,,5), chon 7€ (0, 1) sao cho

, YheB(x,,n,).

h||y—xn||<77n. Do do, ta co
<xZ’ t(y_xn)>gf(xn+t(y_xn))_f(xn)+(gn+7n)||y_xn||

S(1—t)f(xn)+tf(y)—f(xn)+t(8(1—t)+gn+7/n)||y—xn||.
Suy ra

<x;:,y—xn >Sf(y)—f(xn)+(g+gn+7n)||y—xn||. Cho n — oo ta dugc
<x*,y—x0 >Sf(y)—f(x0)+€||y—x0||.
Diéu nay, chimg t6 x" € 8" £ (x, ), vay 0" f(xy) =" f (o).
Cudi cung chimg o of (x,) = 0" f(x,). Ldy x" €9 (xy), vi f 1a ham 15i xép xi tai x,
nén vai yeB(xO,ﬁ) ¢ dinh va te(O,l)ta cd

St sl 2 00) ) (s 1)l

Cho 7 0 ta dugc f’(xo,y—xO)Sf(y)—f(x0)+5||y—x0||.

Suyra x* €0” f(x,). Vay of (x,)=0"1 ().

Ta chimg minh (ii). Theo (i), ta c6 af(xo):aFf(xO)géfA (xp)-

Gia st f 1a ham Lipschizt xung quanh tai x,, khi do ton tai K >0, &> 0 sao cho
‘f(x)—f(y)‘SK”x—y , Vx, yeB(xO,é').

Liy x"€0'f(x,) tuyy, ve X, &, y >0 va LeF(X):veL. Dit

W::{x* eX:‘<x*,v>‘s;f}, V= B(x,n), n>0.

Do dinh nghia, ton tai yeV, y" € 0, /.. () sao cho Ky —x*,v>‘ <y.
Vi f 1a ham 16i xdp xi tai x, néntontai & >0, & <, sao cho f la ham &—14i.
Véimoi 77>0, t>0 dinho dé 77+t||v|| <o vado ye B(xo, 77) nén ta co

y+tveB(xO, 5). V6i moi se(O, 1) tacod
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y+sv=sv+?+y—%=(t+tv)§+(t—s)%.
Do do,
P o) < e+ 22 )+ 22Dy
S F0) StV I ) o35
Cho s — 0 ta duoc S
() s LHZT0) gy

t
Mit khéc, vi f 1a ham Lipschitz véi hing sé K va y € B(x,, 77) tacé
f(y+tv)—f(y)£f(x0 +tv)—f(y)+2K77.

Do do, ta duogc

<x*’v>gf(xo+tv)_f(xo)

+2¢e|v]|+
¢

2&_’.7/.
4

Cho n—>0, y >0 tacd

() s Lt 02T () g

Cho t >0, ¢ >0 taco

Diéu nay chimg t6 x™ € f (x, ).
4. Két luin
Bai bao da thuc hién duoc cac van dé sau:
Chimg minh chi tiét cac két qua, dinh 1y 2.3.6, dinh 1y 2.3.7, dinh 1y 2.3.8.
Dinh 1y 2.3.6, thiét 1ap tinh Lipschitz ctia ham 16i x4p xi.
Dinh 1y 2.3.7 va dinh Iy 2.3.8 1a mot s tinh chat dic trung ctia ham 16i xap xi O
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